Let p be a prime integer, Z p the finite field of order p and Z * p its multiplicative cyclic group. We consider the Diophantine equation x n + y n = z n with 1 ≤ n ≤ p−1 2 . Our main aim in this paper is to give best-possible conditions or relationships between the exponent n and the prime p to determine the existence of nontrivial solutions of the diophantine equation x n + y n = z n with 1 ≤ n ≤ p − 1, in finite fields Z p .
Problem Statement
Let p be a prime and let Z p be the finite field with p elements. Let's denote by Z * p the multiplicative cyclic group of order p − 1, comprised of the non-zero elements in Z p .
The purpose of this work is to give a means of algorithmically constructing all solutions to (1.1)
x n + y n ≡ z n (mod p), or equivalently (1.2) x n + y n = z n , in Z * p for all integer exponents n. The cyclic nature of the group Z * p allows us to restrict our consideration first to 1 ≤ n ≤ p − 1 and eventually to 1 ≤ n ≤ p−1 2 .
More precisely, we develop a procedure which allows us, for any given prime p, to enumerate the powers 1 ≤ n ≤ p − 1, for which the equation has non-trivial solutions, and for which it does not. It also enables us to construct all such solutions, provided that a generator of Z * p has been identified.
We start with an observation that given any solution (x 0 , y 0 , z 0 ) of (1.1), and any unit u ∈ Z * p , a triple (u · x 0 , u · y 0 , u · z 0 ) is also a solution, to which we refer as a u-multiple.
With this in mind, we observe that the following triples are always solutions, for any positive integer n and any prime p:
• (0,0,0),
• (1,0,1), • (0,1,1). We call such solutions and their u-multiples trivial solutions.
If there is a solution of the form (x 0 , y 0 , 0), with x 0 , y 0 ∈ Z * p , then we call this solution and its u-multiples, type-0 solutions.
Similarly, given any solution of the form (x 0 , y 0 , z 0 ), with x 0 , y 0 , z 0 ∈ Z * p , we call this solution and its u-multiples, type-1 solutions. The name is motivated by the observations that all such solutions are u-multiples of a solution of the form (z −1 0 x 0 , z −1 0 y 0 , 1).
General results
Here we provide a few general remarks that are relevant for both types of non-trivial solutions. Observe that if p = 2 and n = p − 1, then (1, 1, 0) is a type-0 solution of (1.1).
Remark 2.1 (n=1 and n=p). For any prime p, the equation (1.1) has type-0 solutions for n = 1 and n = p. This is an immediate consequence of Fermat's Little Theorem:
where a is any element in Z * p . Furthermore, for any prime p > 2, the equation (1.1) has type-1 solutions for n = 1 and n = p.
and (x 0 , p + 1 − x 0 , 1) is a type-1 solution of x + y ≡ z (mod p) and x p + y p ≡ z p (mod p).
Remark 2.2 (n=p-1). For p > 2 and n = p − 1, the equation (1.1) has no non-trivial solutions in Z p . Which, once again follows from Fermat's Little Theorem:
Then the set of t'th powers in Z p is exactly as the set of the first powers and hence any solution of x+y = z will give rise to a solution of x t +y t = z t .
Proof:
Lemma 2.4. For k | (p − 1) the set of the k-powers of elements in Z * p , where p > 2, constitute the unique cyclic subgroup of Z * p of order p−1 k . Proof:
. Thus λ, the order of x 0 is a divisor of p−1 k , we write p−1 k = λ · δ with δ ≥ 1. Because < x 0 > is a subgroup of < b >, we have to consider x 0 = b δ = a kδ , and the result follows.
Recall that in general, if a has order k modulo p and h > 0, then a h has order k gcd(h,k) (mod p) ([1] Theorem 8.3). Observe that since a −k ∈< b >, and a −k = a p−1−k . The set of the k-powers of elements in Z * p equal the set of all p − 1 − k-powers of elements in Z * p .
With this in mind we see that it is enough to consider the k-powers of elements in Z * p with 1 ≤ k < p−1 2 . The special case when k = p−1 2 will be addressed in section 4.
Remark 2.5. Let q be a prime such that q s | (p − 1) and q s+l ∤ (p − 1), for all l ≥ 1. In that case the set of the q s+l -powers of elements in Z * p is exactly as the set of the q s -powers of elements in Z * p .
Similarly, under the same assumptions, it can be seen that if gcd(m, p− 1) = 1, the the group of the q s × m-powers of elements in Z * p is exactly the same as the group of q s powers.
The following remark provides a generalization.
Remark 2.6. Let t ∤ (p − 1) with gcd(t, p − 1) = d > 1. We write t = dl with 1 < l < p − 1 and p − 1 = ds = t l s. Here we have a couple of cases:
(i) If gcd(l, p − 1) = 1, then the set of the t-powers of elements of Z * p is exactly as the set of the d-powers of elements of Z * p , which is a subgroup of order p−1 d . (ii) If gcd(l, p − 1) = x > 1, then the set of t-powers of elements of Z * p would be a subset of the subgroup of the d-powers and a subset of the subgroup of the x-powers. For example: Let p = 23, and t = 8. In this case we are in case (ii) of the previous remark with d = 2, l = 4.
Remark 2.7. Let Z * p =< a > be the cyclic group of the nonzero elements of the finite field Z p , and U(Z p−1 ) be the group of units of the finite ring Z p−1 . Consider the following function
any element of Z * p and µ the least such power. We also have an inverse mapping:
Remark 2.8. Let p be an odd prime, then there are the following cases:
That is, −a generates the subgroup of the 2nd-powers of elements in Z * p .
To address statements (1) and (2) of remark 3.8 (above), consider the following:
Since a is a generator of Z * p , a p−1 ≡ 1 (mod p), then a (p−1)/2 ≡ −1 (mod p); that is, −a ≡ a (p+1)/2 (mod p).
In part (1) p = 4k + 1, then −a ≡ a 2k+1 (mod p), hence −a has order
In part (2) p = 4k + 3, then −a ≡ a 2k+2 (mod p), hence −a has order
Type-0 solutions
Observe that given a type-0 solution (x 0 , y 0 , 0), of (1.1), (x 0 , y 0 ) also solves:
(3.1)
x n + y n ≡ 0 (mod p).
In that case, y −1 0 x 0 solves: (3.2)
x n ≡ −1 (mod p).
Remark 3.1. [n = p−1 2 ] For any prime p, the equation x n + y n ≡ z n (mod p) has a nontrivial type-0 solution. This is a direct consequence of Fermat's little Theorem. That is,
Lemma 3.2. Let p be an odd prime. Consider the equation x n + y n ≡ z n (mod p), with 1 ≤ n ≤ p−1 2 . This equation has a type-0 solution if and only if −1 is an n-th power. With this in mind, we have the following cases:
(i) if n is odd, then there is a type-0 solution;
(ii) if n = 2 k with k ≥ 1, then a type-0 solution exists if and only if Z * p has an element of order 2 k+1 ; equivalently, if and only if p ≡ 1 (mod 2 k+1 );
(iii) if n = 2 k · t with k ≥ 1 and t > 1, an odd integer, then a type-0 solution exists if and only if Z * p has an element of order 2 k+1 ; equivalently, if and only if p ≡ 1 (mod 2 k+1 ).
Proof: By observations above remark (3.1), we will work with the equation
, page 165). This, in particular, implies that (p−1)/gcd(2 k , p−1) is even. So we can let p = (2 k+1 )·ℓ+r, where r = 1, 3, 5, . . . , 2 k+1 − 1.
We can then write p − 1 = (2 k+1 ) · ℓ + (r − 1). Let r − 1 = 2 k 1 · t for some 1 ≤ k 1 ≤ k and t an odd number or zero. In that case gcd(2 k , p − 1) = 2 k 1 .
Now we write
This can happen if and only if t = 0 and so r = 1, giving us
.
(iii) This follows from (i) and (ii) since for odd t,
Observe that if n = 2, we have that following equivalent statements: (i) The equation x 2 + 1 = 0 has a solution in Z * p ; (ii) Z * p has an element of order 4; (iii) p is an odd prime with p ≡ 1 (mod 4); Z * p has an element of order 4 if and only if 4 | (p − 1) if and only p − 1 = 4t for some integer t if and only if p ≡ 1 (mod 4).
Remark 3.3. Lemma 3.2 can be restated as: Let p be an odd prime. For n even, the equation x n + 1 = 0, has a solution in Z * p , if and only if the cyclic group Z * p has an element of order 2n.
Lemma 3.4. The equation
n and b = a n ); then 0 = (a t ) n + 1 with a t ∈ Z * p . That is, a t is the desire solution.
We combine the above results in the following theorem:
Theorem 3.5. let p be an odd prime. Let Z * p be the multiplicative cyclic group of the finite field Z p . Let n | (p − 1), with n even, then the following statements are equivalent.
(1) The equation x n + y n = 0 has a nontrivial type-0 solution.
(2) The cyclic group Z * p has an element of order 2n.
Type-1 solutions
Observe that given a type-1 solution (x 0 , y 0 , z 0 ) of our initial diophantine equation x n + y n = z n , we have that y −1 0 x n solves (4.1)
x n + 1 = z n .
Conversely, any solution (x 0 , z 0 ) of the last equation will produce a solution of original equation, of the form with (y 0 x 0 , y 0 , y 0 z 0 ) where y 0 is any element of Z * p . Remark 4.1. Alternatively, the solutions of the initial diophantine equation x n + y n = z n are in one-to-one correspondence with the solutions of:
(4.2)
x n + y n = 1 by using z −1 0 x 0 .
From the results exhibited in section 2 we know that our work will be focused on the existence of solutions of x n + 1 = z n (or x n + y n = 1) for n | (p − 1) with 1 < n < p − 1. We observe the following:
(1) Let 1 < n < p − 1, and let (u, v) be a solution of 1 + x n = z n . If n is even, then (−u, −v) is a solution of 1 + x n = z n . If n is odd, then (p − v, p − u) is a solution of 1 + x n = z n .
(2) Let n = p−1 2 − k and t = p−1 2 + k, then (u, v) is a solution of 1 + x n = z n if and only if (u −1 , v −1 ) is a solution of 1 + x t = z t . This observation is also true for the Type-0 solutions. Therefore, considering the symmetries of the group Z * p , it is enough to focus our study on the existence of the solutions of the equations described above when 1 < n < p−1 2 . From the results in section 2, we already know when the diophantine equation has type-0 solutions. Now we exhibit an algorithm, which is going to give us the exponent(s) for which the diophantine equation has type-1 solutions, and a way to generate such solutions. This algorithm, which we call "next in line", is described below.
Let a be any generator of Z * p , ie Z * p =< a >. It's worth remarking that among the 78498 odd primes up to 10 6 , the cyclic group Z * p has a generator less than or equal to 6 ([1], page 156). Raise the generator to each of the powers 1 to p − 1, modulo p, and sort the resulting array:
with α i ∈ {1, 2, 3, · · · , p − 1}. Also, we observe that: α 1 = p − 1 and α p−1 = p−1 2 .
Consider x = a α and y = x + 1 = a β ; that is, x and y are two consecutive elements in Z p . Notice also that a α ≡ a α+k(p−1) (mod p), for any integer k.
Let d = gcd(α, β); we write α = dt a and β = dt b with t a and t b integers and gcd(t a , t b ) = 1.
a β = a α + 1, in Z p , can be written as , (a ta , a t b ) is a nontrivial type-1 solution of the equation (1.2) with n = d, since
Moreover, if e is any divisor of d; that is, d = ee 1 , then (a tae 1 , a t b e 1 ) is a nontrivial solution type-1 of the equation (1.2) with n = e, since
Lastly, we note that we only need to consider 1 ≤ α, β ≤ (p−1) 2 2 . This follows because we are only interested in the exponents 1 ≤ d ≤ p−1 2 , while we can take 1 ≤ t a , t b ≤ (p − 1), because of the cyclic nature of Z * p .
Here is a schematic presentation of one step of the algorithm. Notice that it involves (p − 1) 2 /4 applications of the Euclidean Algorithm. We will have to repeat this for every 1 ≤ α ≤ (p − 1). a α a α + (p−1) a α + 2(p−1) a α + (p−1) 2 (p−1)
... a β a β + (p−1) a β + 2(p−1) a β + (p−1) 2 (p−1)
...
Examples
Below we show two examples for p = 17 = 2 4 + 1 and p = 23 = 2 * 11+1. The solutions were computed using a Python implementation of the algorithm. We chose these primes because the structure of Z * 17 and Z * 23 are essentially different in ways which are typical. The layout of the tables should make clear the structural relationships in the solutions for different powers n which are detailed in sections (3) and (4).
Recall that if x n + y n = z n then for any non-zero element u ∈ Z * p , we also have (u · x) n + (u · y) n = (u · z) n . Consequently we only need to find the basics type-0 solutions x n + 1 = 0 and the basic type-1 solutions x n + 1 = z n .
Example 1: p = 17, p − 1 = 2 4 . In each odd power n, we will only have one basic type-0 solution: 16 n + 1 = 0. Table 1 . Basic type-0 solutions in even powers Z 17 . n =2 n =2*3 n =2*5 n =2*7 13 2 + 1 = 0 13 6 + 1 = 0 13 10 + 1 = 0 13 14 + 1 = 0 4 2 + 1 = 0 4 6 + 1 = 0 4 10 + 1 = 0 4 14 + 1 = 0 n =4 n =4*3 9 4 + 1 = 0 9 12 + 1 = 0 8 4 + 1 = 0 8 12 + 1 = 0 n =8 3 8 + 1 = 0 14 8 + 1 = 0
As for the basic type-1 solutions, we list them below in two separate tables: for even then for odd n's. Notice that there are no type-1 solutions in powers 4, 8, 12, 16. Table 2 . Basic type-1 solutions in even powers n in Z 17 . n = 2 n = 14 1 2 + 1 = 6 2 16 2 + 1 = 11 2 1 14 + 1 = 3 14 16 14 + 1 = 14 14 1 2 + 1 = 11 2 16 2 + 1 = 6 2 1 14 + 1 = 14 14 16 14 + 1 = 3 14 5 2 + 1 = 3 2 12 2 + 1 = 14 2 7 14 + 1 = 6 14 10 14 + 1 = 11 14 5 2 + 1 = 14 2 12 2 + 1 = 3 2 7 14 + 1 = 11 14 10 14 + 1 = 6 14 7 2 + 1 = 4 2 10 2 + 1 = 13 2 5 14 + 1 = 13 14 12 14 + 1 = 4 14 7 2 + 1 = 13 2 10 2 + 1 = 4 2 5 14 + 1 = 4 14 12 14 + 1 = 13 14 n = 6 n = 10 1 6 + 1 = 5 6 16 6 + 1 = 12 6 1 10 + 1 = 7 10 16 10 + 1 = 10 10 1 6 + 1 = 12 6 16 6 + 1 = 5 6 1 10 + 1 = 10 10 16 10 + 1 = 7 10 3 6 + 1 = 4 6 14 6 + 1 = 13 6 6 10 + 1 = 13 10 11 10 + 1 = 4 10 3 6 + 1 = 13 6 14 6 + 1 = 4 6 6 10 + 1 = 4 10 11 10 + 1 = 13 10 6 6 + 1 = 7 6 11 6 + 1 = 10 6 3 10 + 1 = 5 10 14 10 + 1 = 12 10 6 6 + 1 = 10 6 11 6 + 1 = 7 6 3 10 + 1 = 12 10 14 10 + 1 = 5 10 Table 3 . Basic type-1 solutions in odd powers n in Z 17 . n = 1 n = 15 1 1 + 1 = 2 1 15 1 + 1 = 16 1 1 15 + 1 = 9 15 8 15 + 1 = 16 15 2 1 + 1 = 3 1 14 1 + 1 = 15 1 9 15 + 1 = 6 15 11 15 + 1 = 8 15 3 1 + 1 = 4 1 13 1 + 1 = 14 1 6 15 + 1 = 13 15 4 15 + 1 = 11 15 4 1 + 1 = 5 1 12 1 + 1 = 13 1 13 15 + 1 = 7 15 10 15 + 1 = 4 15 5 1 + 1 = 6 1 11 1 + 1 = 12 1 7 15 + 1 = 3 15 14 15 + 1 = 10 15 6 1 + 1 = 7 1 10 1 + 1 = 11 1 3 15 + 1 = 5 15 12 15 + 1 = 14 15 7 1 + 1 = 8 1 9 1 + 1 = 10 1 5 15 + 1 = 15 15 2 15 + 1 = 12 15 8 1 + 1 = 9 1 8 1 + 1 = 9 1 15 15 + 1 = 2 15 15 15 + 1 = 2 15 n = 3 n = 13 1 3 + 1 = 8 3 9 3 + 1 = 16 3 1 13 + 1 = 15 13 2 13 + 1 = 16 13 2 3 + 1 = 15 3 2 3 + 1 = 15 3 9 13 + 1 = 8 13 9 13 + 1 = 8 13 3 3 + 1 = 12 3 5 3 + 1 = 14 3 6 13 + 1 = 10 13 7 13 + 1 = 11 13 4 3 + 1 = 10 3 7 3 + 1 = 13 3 13 13 + 1 = 12 13 5 13 + 1 = 4 13 5 3 + 1 = 14 3 3 3 + 1 = 12 3 7 13 + 1 = 11 13 6 13 + 1 = 10 13 6 3 + 1 = 4 3 13 3 + 1 = 11 3 3 13 + 1 = 13 13 4 13 + 1 = 14 13 7 3 + 1 = 13 3 4 3 + 1 = 10 3 5 13 + 1 = 4 13 13 13 + 1 = 12 13 8 3 + 1 = 7 3 10 3 + 1 = 9 3 15 13 + 1 = 5 13 12 13 + 1 = 2 13 n = 5 n = 11 1 5 + 1 = 15 5 2 5 + 1 = 16 5 1 11 + 1 = 8 11 9 11 + 1 = 16 11 2 5 + 1 = 16 5 1 5 + 1 = 15 5 9 11 + 1 = 16 11 1 11 + 1 = 8 11 3 5 + 1 = 10 5 7 5 + 1 = 14 5 6 11 + 1 = 12 11 5 11 + 1 = 11 11 4 5 + 1 = 3 5 14 5 + 1 = 13 5 13 11 + 1 = 6 11 11 11 + 1 = 4 11 5 5 + 1 = 2 5 15 5 + 1 = 12 5 7 11 + 1 = 9 11 8 11 + 1 = 10 11 6 5 + 1 = 9 5 8 5 + 1 = 11 5 3 11 + 1 = 2 11 15 11 + 1 = 14 11 7 5 + 1 = 14 5
3 5 + 1 = 10 5 5 11 + 1 = 11 11 6 11 + 1 = 12 11 8 5 + 1 = 11 5 6 5 + 1 = 9 5 15 11 + 1 = 14 11 3 11 + 1 = 2 11 n = 7 n = 9 1 7 + 1 = 9 7 8 7 + 1 = 16 7 1 9 + 1 = 2 9 15 9 + 1 = 16 9 2 7 + 1 = 5 7 12 7 + 1 = 15 7 9 9 + 1 = 7 9 10 9 + 1 = 8 9 3 7 + 1 = 7 7 10 7 + 1 = 14 7 6 9 + 1 = 5 9 12 9 + 1 = 11 9 4 7 + 1 = 6 7 11 7 + 1 = 13 7 13 9 + 1 = 3 9 14 9 + 1 = 4 9 5 7 + 1 = 3 7 14 7 + 1 = 12 7 7 9 + 1 = 6 9 11 9 + 1 = 10 9 6 7 + 1 = 8 7 9 7 + 1 = 11 7 3 9 + 1 = 15 9 2 9 + 1 = 14 9 7 7 + 1 = 4 7 13 7 + 1 = 10 7 5 9 + 1 = 13 9 4 9 + 1 = 12 9 8 7 + 1 = 16 7 1 7 + 1 = 9 7 15 9 + 1 = 16 9 1 9 + 1 = 2 9
Example 2: p = 23, p − 1 = 2 * 11. We have no type-0 solutions in any even power and, in each odd power n, we only have one basic type-0 solution:
For type-1 solutions, we list all the basic solutions, first in even, then in odd powers n: Table 4 . Basic type-1 solutions in even powers n in Z 23 . n = 2 n = 20 1 2 + 1 = 5 2 22 2 + 1 = 18 2 1 20 + 1 = 14 20 22 20 + 1 = 9 20 1 2 + 1 = 18 2 22 2 + 1 = 5 2 1 20 + 1 = 9 20 22 20 + 1 = 14 20 5 2 + 1 = 7 2 18 2 + 1 = 16 2 14 20 + 1 = 10 20 9 20 + 1 = 13 20 5 2 + 1 = 16 2 18 2 + 1 = 7 2 14 20 + 1 = 13 20 9 20 + 1 = 10 20 7 2 + 1 = 2 2 16 2 + 1 = 21 2 10 20 + 1 = 12 20 13 20 + 1 = 11 20 7 2 + 1 = 21 2 16 2 + 1 = 2 2 10 20 + 1 = 11 20 13 20 + 1 = 12 20 9 2 + 1 = 6 2 14 2 + 1 = 17 2 18 20 + 1 = 4 20 5 20 + 1 = 19 20 9 2 + 1 = 17 2 14 2 + 1 = 6 2 18 20 + 1 = 19 20 5 20 + 1 = 4 20 10 2 + 1 = 3 2 13 2 + 1 = 20 2 7 20 + 1 = 8 20 16 20 + 1 = 15 20 10 2 + 1 = 20 2 13 2 + 1 = 3 2 7 20 + 1 = 15 20 16 20 + 1 = 8 20 n = 4 n = 18 16 8 + 1 = 9 8 10 14 + 1 = 5 14 13 14 + 1 = 18 14 10 8 + 1 = 2 8 13 8 + 1 = 21 8 7 14 + 1 = 12 14 16 14 + 1 = 11 14 10 8 + 1 = 21 8 13 8 + 1 = 2 8 7 14 + 1 = 11 14 16 14 + 1 = 12 14 11 8 + 1 = 4 8 12 8 + 1 = 19 8 21 14 + 1 = 6 14 2 14 + 1 = 17 14 11 8 + 1 = 19 8 12 8 + 1 = 4 8 21 14 + 1 = 17 14 2 14 + 1 = 6 14 n = 10 n = 12 1 10 + 1 = 11 10 22 10 + 1 = 12 10 1 12 + 1 = 21 12 22 12 + 1 = 2 12 1 10 + 1 = 12 10 22 10 + 1 = 11 10 1 12 + 1 = 2 12 22 12 + 1 = 21 12 2 10 + 1 = 7 10 21 10 + 1 = 16 10 12 12 + 1 = 10 12 11 12 + 1 = 13 12 2 10 + 1 = 16 10 21 10 + 1 = 7 10 12 12 + 1 = 13 12 11 12 + 1 = 10 12 3 10 + 1 = 5 10 20 10 + 1 = 18 10 8 12 + 1 = 14 12 15 12 + 1 = 9 12 3 10 + 1 = 18 10 20 10 + 1 = 5 10 8 12 + 1 = 9 12 15 12 + 1 = 14 12 8 10 + 1 = 6 10 15 10 + 1 = 17 10 3 12 + 1 = 4 12 20 12 + 1 = 19 12 8 10 + 1 = 17 10 15 10 + 1 = 6 10 3 12 + 1 = 19 12 20 12 + 1 = 4 12 11 10 + 1 = 8 10 12 10 + 1 = 15 10 21 12 + 1 = 3 12 2 12 + 1 = 20 12 11 10 + 1 = 15 10 12 10 + 1 = 8 10 21 12 + 1 = 20 12 2 12 + 1 = 3 12
Conclusion
This work provides new theoretical results about the nature of the solutions of the Diophantine equation x n + y n = z n in the finite fields Z p and their relationship with the prime p. It also describes an algorithmic means of constructing all such solutions. The algorithm is not optimal, it can clearly be made more efficient, yet it works reasonably fast for prime numbers which are not too big.
